CONTINUOUS-TRACE GROUPOID CROSSED PRODUCTS 



IGOR FULMAN, PAUL S. MUHLY, AND DANA P. WILLIAMS 



Abstract. Let G be a second countable, locally compact groupoid with Haar 
system, and let A be a bundle of C*-algebras denned over the unit space of 
G on which G acts continuously. We determine conditions under which the 
associated crossed product C*(G\A) is a continuous trace C*-algebra. 



1. Introduction 

Throughout this note, G will denote a second countable, locally compact 
groupoid with Haar system {A"} ugG (o). Also, we shall fix a bundle]] A of (sep- 
arable) C*-algebras over the unit space of G. We shall write p for the 
projection of A onto G^-°\ We shall assume that there is a continuous action, 
denoted a, of G on A. This means the following: First of all, a must be a 
homomorphism from G into the isomorphism groupoid of A, Iso(„4), so that, in 
particular, 07 : A(s(j)) — » A(r{^)) is a C*-isomorphism for each 7 e G. Secondly, 
let s*(A) and r*(A) be the bundles on G obtained by pulling back A via s and r, 
so that s*(A) — {(7,0) I a e A(s('j))} and similarly for r*(A). Then a determines 
a bundle map er* : s*(A) — > r*(.A) by the formula cr*(7, a) = (7, 07(a)). The 
continuity assumption that we make is that for each continuous section / of s*(A), 
a* o / is a continuous section of r*(A). 

Let C C (G, r*(A)) denote the space of continuous sections of r*(A) with compact 
support and for f,g G C c (G,r* (A)), set 

f*9(j) ■= J f{r,)vMn- X l))d\ r ^{ri) 

and set 

r(7) = ^(/(7" 1 )*)- 

Then, with respect to these operations and pointwise addition and scalar multipli- 
cation, C C (G, r* (A)) becomes a topological *-algebra in the inductive limit topology 
to which Renault's disintegration theorem [jl6| applies. The enveloping C*-algebra 
of C c {G,r*{A)) is called the crossed product of G acting on A and is denoted 
C* (G; A) . The basic problem we study in this note is 

Question 1 . Under what circumstances on G and A is C* (G; „4) a continuous trace 
C*-algebra? 



Date: 20 Mav 2002. 

1 We follow H] for the general theory of Banach- and C*-bundles. However, we adopt the 
increasingly popular convention that bundles are to be denoted by calligraphic letters. The fibres 
in a given bundle are then denoted by the corresponding roman letter. Thus if A is a bundle of 
C*-algebras, say, over a space X, then the fibre over x S X will be denoted A(x). 
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The first systematic investigation into questions of this type that we know of 
is Green's pioneering study ||. There, Green deals with the case where G is the 
transformation group groupoid obtained by letting a locally compact group H act 
on a locally compact Hausdorff space X and where A is the trivial line bundle over 
G*( ) = X. His principal result asserts that if H acts freely on X, then C*(G;A) 
is continuous trace if and only if the action of H is proper. In this event, in fact, 
C*(G;A) is strongly Morita equivalent to C (X/H). 

Another precedent to this investigation is the work of the second two authors in 
|l0| . Here, the hypothesis is that G is a principal groupoid and the bundle A is 
again the trivial line bundle. It was shown that C*(G; A) = C*(G) has continuous 
trace if and only if the action of G on G^ is proper. In this event, again, C*{G) 
is strongly Morita equivalent to Cq{G^ /G). 

The first example where the bundle A is nontrivial was considered by Raeburn 
and Rosenberg in . They considered a locally compact group acting on a contin- 
uous trace C* -algebra A and showed that if the natural action of G on the spectrum 
of A, A, is free and proper, then the cross product C*-algebra A x G has continuous 
trace. In 13 1, Olesen and Raeburn proved a conditioned converse: if the group G 
is abelian and acts freely on A, then if A x G is continuous trace, the action of G 
on A must be proper. Quite recently, Deicke Q used non-abelian duality theory to 
remove the hypothesis that G is abelian. Thus, the best result in this direction is: 
If G acts on A yielding a free action on A, then A x G is continuous trace if and 
only if the action of G on A is proper. 

Our objective in this note, Theorem [l], is to prove a result that contains all of 
these examples as special cases — and much more, as well. It is based on two 
hypotheses and some ancillary considerations that we will elaborate. The first 
hypothesis is 

Hypothesis 1. The C*-algebra C (G (0) , A) is continuous trace. 

Here, Co(G^°',A) denotes the C*-algebra of continuous sections of the bundle 
A that vanish at infinity on G^ . An hypothesis on the bundle A of this nature 
is natural and reasonable, in view of the fact that in the trivial case G = G^-°\ we 
have C*(G; A) = Cq{G^°\A). Furthermore, we note that a compact group can act 
on an antiliminal C*-algebra in such a way that the crossed product is continuous 
trace 0. 

To state our second hypothesis, we need a couple of remarks about the spectrum 
of Cq(G(°\A). We shall denote it by X throughout this note. Observe that X 
may be expressed as the disjoint union of spectra II u£ (j(o) A(u) A and the natural 
projection p from X to G^ is continuous and open ||, Q. The groupoid G acts 
on X (using the map p) as follows. If X G X, we shall write x = [tt x ] in order to 
specify a particular irreducible representation in the equivalence class represented 
by x. Then if X * G denotes the space {(x,j) G X x G p(x) = r(x)} and if 
(x, 7) G X * G, then x ■ 7 is defined to be [ir x o <t 7 ]. The fact that the action of G 
on X is well defined and is continuous is easily checked (as in [jl5| Lemma 7.1] for 
example). Our second hypothesis is 

Hypothesis 2. The action of G on X is free. 

For x G X, we shall write fC(x) for the quotient A(p(x))/ ker(n x ). Then tC{x) is 
well defined (i.e., it is independent of the choice of tt x ) and is an elementary C*- 
algebra. Hypothesis |l| guarantees that the collection {K.(x)} xe x may be given the 
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structure of an elementary C*-algebra bundle over A satisfying Fell's condition [[| 
Proposition 10.5.8]. As a result, we find that Cq(G(°',A) is naturally isomorphic 
to Go (A, K). The action of G on X induces one on /C that we shall use. We find it 
preferable to express this in terms of the action groupoid X * G defined as follows. 

As a set, X*G := {(x, 7) | p(x) — r(j)} and the groupoid operations are defined 
by the formulae 

(x, a)(xa, (3) :— (x, a/3) and 
(x, a) -1 := (xa,a _1 ), 

(x, a), (x,/3) £ X * G. Note, in particular, that the unit space of X * G may be 
identified with X via: (x,p(x)) < — ► x. Note, too, that the range and source maps 
on X * G, denoted f and s, are given by the equations f(x, a) = (x,r(a)) and 
s(x, a) = (xa, s(a)). The groupoid X * G in the product topology is clearly locally 
compact, Hausdorff, and separable. It has a Haar system {\ x } x ex given by the 
formula \ x — S x x \$( x \ Observe that the action of G on X is free (resp. proper) 
iff X * G is principal (resp. proper). 

The groupoid X * G acts on /C via the formula 

a (xn )(k) := cr 7 (a) + ker^), 

where fc = a + kerTr^ lies in K(S(x, 7)). Note that this action is well defined since 
n x o cr 7 = tt x . 7 . We promote this action of A * G on /C to one on X * K. :— {(x, k) \ 
k £ K(x)}: (x,k) ■ (x,j) :— (x ■ 7, crT ^(k)). If the action of G on X is free and 
proper, then the action of A * G on X * K, is also free and proper. In this case, 
we write K. x for the quotient space A * K./X * G. Then /C x is naturally a bundle 
of elementary G*-algebras over A/G. In fact, using the methods of Theorem 1.1 
of |Q, it is easy to see that K, x satisfies Fell's condition. Thus, in particular, 
Go (A/G, K, x ) has continuous trace, if G acts on A freely and properly. 

With these preliminaries at our disposal, we are able to state the main result of 
this paper as 

Theorem 1. Under Hypotheses ^ and [|, C*(G;A) has continuous trace if and 
only if the action of G on X is proper. In this event, C*(G;A) is strongly Morita 
equivalent to Cq(X/G,K, x ), where JC X is the elementary C* -bundle over A/G, 
satisfying Fell's condition, that was just defined. 

2. Sufficiency in Theorem |l| 

First we reduce the proof of Theorem [l] to the case when G is a principal groupoid. 
This reduction is accomplished with the aid of 

Theorem 2. In the notation established above, C*(G;A) is isomorphic to G*(A* 
G;K). 

Proof. For u £ G<°), identify A(u) with Coip'^u), K). Also, set C cc (G,r*{A)) := 
{/ G C c (G,r*(A)) I (x,7) — > ||/(7)(x)|| has compact support in A * G}. Recall 
that r*(A) = {(7, a) | a G A(r( 7 ))} and, likewise, P(/C) = {((x,7),a) | a G K(x)}. 
So, in the definition of C cc (G,r* (A)), f("f), which nominally is in A(r(^)), is to 
be viewed in Go(p _1 (u), JC). In particular, f(~f)(x) lies in K(x), when p(x) = 
r(j). Now it is straightforward to check that C cc (G,r*(A)) is a subalgebra of 
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G C (G, r*(A)) that is dense in G C (G, r*(A)) in the inductive limit topology. Further, 
if we define # : C C (X * G, P(£)) -> G CC (G, r*(A)) by the formula 

Mf)(7)](x) = f(xn), 

f G C C (X * G, f*(/C)), then is an algebra *-homomorphism that is continuous in 
the inductive limit topologies on C C (X*G, f*(IC)) and C CC (G, r*(A)). Hence by Re- 
nault's disintegration theorem |l6| , Theorem 4.1], W extends to a G*-homomorphism 
from C* (X * G; K) into C*(G;A). 

The inverse 4> : G CC (G, r*(A)) -» C C (X * G, r*(JC)) to * is given formally by the 
formula 

S(/)(*,7) = /(7)(a0, 

/ G G CC (G, r*(.A)); i.e., at the level of C c , $ o 4/ and * o $ are the identity maps 
on the appropriate algebras. The problem is that a priori 4> is not continuous in 
the inductive limit topologies. However, 4> is manifestly continuous with respect 
to the so-called //-norms on C CC (G, r*(A)) and C C (X * G,f*(/C)), where for / G 
C cc (G,r*(A)), the Z/-norm of / is 

max] sup [\\m\\ A[u) dX u , sup [ ||/* ( 7 )|| A(u) d\ u 1 , 
[ueG<.°)J ueGWJ J 

and similarly for C C (X * G,f*(/C)). Since every representation of one of these 
algebras is continuous in the L^-norm by Renault's disintegration theorem [ fl6[ 
Theorem 4.1], we conclude that 4> extends to a G*-homomorphism from C*(G;A) 
to C*(X * G; K) that is the inverse of □ 

On the basis of Theorem [| we may and shall assume from now on that X = G^ 
and that A[u) is an elementary C* -algebra for every u G G^°\ 

Proof of the Sufficiency. If G acts freely and properly on G^ , then G^ is an equiv- 
alence between G and the quotient space G^ / G (viewed as a cotrivial groupoid) 
in the sense of §. Further, if £?(°) * A := {(u,a) | a G A(u)}, then G<°) * A 
serves as a bundle of Morita equivalences between A and A ai ' in the sense of 
0. (See @, too.) Indeed, recall that _4 G<0) is the quotient (G (0) * A)/G, where 
(r(7), a) • 7 = (s(7), u^ 1 (a)). Then the ^-valued inner product on G^ * A is given 
by the formula 

((u , a), = a*6, 

while the _4 G<0> -valued inner product on G*- -* * A is given by the formula 

aG (o)((u , a), (u,b)) = [u,ab*], 

where [u, ab*] denotes the image of (u, a b*) in A Gi0) . By Corollaire 5.4 of @, 

G*(G;.4) is Morita equivalent to G (G (0) /G, ^ G<0> ). 

This second algebra is a continuous-trace C*-algebra since A ai ' is a bundle of 
elementary G*-algebras satisfying Fell's condition, as we noted earlier. □ 
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3. Necessity in Theorem [T] 

The proof of the necessity in Theorem [l] is modeled on the proofs in |[o| and 
|TT| , which in turn are inspired by ideas in [^). There are, however, a number of 
new difficulties that must be overcome. 

For each u 6 G (0) , we fix an irreducible representation n u of A(u) on a Hilbcrt 
space H u . Since each A(u) is elementary the 7r u 's are unique up to unitary equiv- 
alence. We define L u to be the representation of G* (G; A) on the Hilbert space 
L 2 {\ u ) <g> H u according to the formula 

(1) L«(/X( 7 )= [w a oa- 1 (f( 1 aMa- 1 )dX»(a), 

where / € C c (G,r*(A)) and £ e L 2 (A U ) €5 H u . (Recall that \ u is the image 
of A" under inversion.) Thus, L u is the representation of C*(G;A) induced by 
the irreducible representation n u viewed as a representation of Cq{G^°\A). This 
implies, in particular, that replacing ir u by a unitarily equivalent representation does 
not affect the unitary equivalence class of L u . The following lemma and corollary 
capture the salient features of the L u that we shall use. 

Lemma 3. Under the hypothesis that the action of G on G^ is free (and Hypoth- 
esis^ on A), the following assertions hold: 

(a) Each representation L u is irreducible. 

(b) L u is unitarily equivalent to L v if and only if u and v lie in the same orbit. 

(c) The map u — > L u is continuous. 

Proof. The proof follows the lines of the arguments in |[o| Lemma 2.4 and Propo- 
sition 2.5]. Only minor changes need to be made to accommodate the presence of 
A. The key point is that L u is unitarily equivalent to the representation R u of 
C* (G; A) defined by the formula 

R u {f)til ■ «) = l^u o ( x- 1 (/( 7 a))e(a- 1 • u) d\ u {a), 



f G C c (G,r*(A)), £ £ L 2 ([u], //r„]) ® _ff u , where [it] denotes the orbit of u and 
is the image of A„ under the map r|s _1 (w). The fact that the action of G on G^ 
is free (i.e., G is a principal groupoid) implies that r|s~ 1 (-u) is a bijection between 
s _1 (u) and [u\. It is a Borel isomorphism, of course, because of our separability 
hypotheses and the fact that r|s _1 (u) is continuous. 

The value of R u for us lies in the fact that it is evident how to express R u as 



the integrated form of a representation of (G, A) in the sense of 16, Definition 3.4]. 
The measure class on G^ is, of course, that determined by //r„i and the Hilbert 
bundle Ti is the constant bundle determined by H u over the orbit of u, i.e., 

{v} xH u v e [u] 
otherwise 



H(v) 



Thus, J® H(v)d/i[ u ] is identified with L 2 ([u], jLtr u ]) <8> H u in the standard fashion. 
The groupoid G is represented on Ti according to the formula 

U 1 {{s{ 1 ),i)) = {r{ 1 ),i), 

£ G H u , s( 7 ) e [u], i.e., {U-y}-y£G is just the translation representation, and A is 
represented on 7i according to the formula 

a - (v,£) = (v,ir u ocr 7 (a)5), 
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a E A(v), E H(v), where 7 is the unique element in G with source v and 

range u. 

Observe that the Co (G' ' , A) acts as multipliers on G* (G; .A) according to the 
formula $ • /( 7 ) = $(r( 7 ))/( 7 ) for $ E C (G(°\„4) and / E C c {G,r*(A)). The 
extension i?" of R u to the multiplier algebra C*(G;A) represents Cq(G < -°\A) on 
£ 2 ([m], H[u]) ® -ffjj via the equation 

ff , (*)f(«)=7r u o £ r 7 ($(t;))e(«) 1 

again, where 7 is the unique element in G with source w and range u. It is clear 
from this that the weak closure of the algebra R u (Co{G^°\ A)) is the full algebra 
of decomposable operators on L 2 ([u], //[«,]) ® -ff u . It follows that any projection 
that commutes with R U (C*(G; A)) must be diagonal. On the other hand, it follows 
from the definition of the representation of G, {C/ 7 } 7 eG7 that a diagonal operator 
commuting with R U (C*(G;A)) must commute with {?7 7 } 7 eGi and therefore must 
be constant a.e. I4t u y This proves that and hence L u , is irreducible. 

If it and v lie in the same orbit, it is clear that translation by the (unique) 7 
with source v and range u implements an equivalence between L u and V . On the 
other hand, if u and v lie in different orbits, then L u and L v are disjoint. Indeed, 
the representations N u and N v of Go(G^) obtained by restricting R u and R v to 
Go(G^ ^), viewed as a subalgebra of M(C*(G;_4)), are supported on the disjoint 
sets [u] and [v]. Arguing just as we did in the proof of Proposition 2.5], using 
|l8| Lemma 4.15], we conclude L u and V are disjoint. 

Finally, to see that the map u 1— > L u is continuous, observe that Hypothesis [l] 
guarantees that for each point u £ G^ - 1 we can find a neighborhood V u of it on 
which the H v 's can be chosen to be the fibres of a (topological) Hilbert bundle Ti 
and on which we can choose the n v 's so that for any section $ E Go (G^ , A) that 
is supported on V u and any two Go-sections of H over V M , £ and 77, the function 
v 1 * (77^ ($(«))£(?;) I f](v)) H is continuous. It follows from the continuity of the 

Haar system that given such sections £ and 77 of Ti. and any two functions g and ft, 
in G C (G), the function w 1— ► (L v (f)(g (g> £) | (/i® 77)) (where the inner products are 
taken in L 2 (A„) £g> i?„) is continuous for all / E G c (G;r*(A)). This shows that the 
map u 1 — ► is continuous. □ 

Corollary 4. Assume that G is principal and that A is an elementary C* -bundle 
over G^ ' , satisfying Fell's condition, on which G acts. IfC*(G;A) has continuous 
trace, then the map that sends u E G^ to the unitary equivalence class of L u defines 
a continuous open surjection of G^ onto C*(G;A) that is constant on G-orbits. 
In particular, orbits are closed and G^/G is homeomorphic to G*(G; A) A . 

Proof. The proof is also essentially the same as the proof in |Io|, Proposition 2.5]. 
Here is an outline. Write ^> for the map u ^ [L u ]. Then by Lemma |[ ^ is 
continuous and constant on G-orbits. Thus *f> passes to continuous map on G^ ' /G 
with the quotient topology (no matter how bad that might be). Since, however, 
C*{G;A) is Hausdorff by hypothesis, we conclude that G^/G is Hausdorff. 

Suppose that L is an irreducible representation of G* (G; A) and let M be the 
representation of Go(G^°- ) ) obtained by extending L to the multiplier algebra of 
G*(G; A) and then restricting to Go(G'°)). The kernel J of M is the set of functions 
111 Go(GW) that vanish on a closed set F in G^ '. Then F is easily seen to be 
invariant. Indeed, one may do this directly or use the fact that it supports the 
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quasi-invariant measure associated to the disintegrated form of L guaranteed by 
|l6| . Further, since L is irreducible, F cannot be expressed as the union of two 
disjoint, closed, G-invariant sets. Since the quotient map from G^ to G^ ' /G is 
continuous and open, we may apply the lemma on page 222 of to conclude that 
F is an orbit closure. Since we now know that orbits are closed, F is, in fact, an 
orbit. Thus L factors through G*(G|[„]; A). However, G|[ u ] is a transitive principal 
groupoid. A little reflection, using Theorem 3.1 of |J, reveals that every irreducible 
representation of C*(G\\ u y,A) is unitarily equivalent to L u . □ 

We now assume the action of G on G^ is not proper and use Lemma 2.6 of 



10 1 to choose a sequence {7„} C G such that j n — > oo in the sense that {7„} 
eventually escapes each compact subset of G, and such that r(7„) , s(7„) — > z, for 
some z G G(°). We shall fix this sequence for the remainder of the proof. We 
also choose a relatively compact neighborhood U of z G G^ and a section g in the 
Pedersen ideal of Cq(G^°\ A) such that g is non-negative, compactly supported, and 
satisfies tr(w u (g(u))) = 1 on U. The fact that A satisfies Fell's condition guarantees 
that such choices are possible. 

With these ingredients fixed, we want to build a special neighborhood E of z in 
G, following the analysis on pages 236-238 of (lC[ |. First observe, as we have above, 
that since G is principal, r maps G z bijectively onto [z] while s maps G z bijectively 
onto [z], where, recall, [z] denotes the orbit of z. Since [z] is closed by Corollary [| 
while r is continuous and open on G, we see that r maps G z homeomorphically onto 
[z\. Likewise, s maps G z homeomorphically onto [z\. Also, since G is principal, 
multiplication induces a homeomorphism between G z x G z and G|m. Let N be the 
closed support of g, a compact subset of G' ', and set F z := G z n r" 1 ([z] HiV) and 
F z := G 2 fls _1 ([z]n N), obtaining compact subsets of G z and G 2 , respectively. 
Then we see that if 7 G G|[ z] and if 5(3(7)) ^ and g(r(j)) ^ 0, then 7 G F Z F Z . 

According to Lemma 2.7 of |l0| |, we may select symmetric, conditionally compact 
open neighborhoods Wq and W\ of G^ such that Wo C W\. (Recall that a 
neighborhood W of G^ is conditionally compact in case VW and WV are relatively 
compact subsets of G for each relatively compact subset V in G.) We select such 
a pair, as we may, with the additional property that F Z F Z C WqzWq. Then from 
the preceding paragraph, we see that if 7 ^ WozWo, then either g(s(-f)) = or 
ff(r( 7 ))=0. 

By construction, 

Wx z\W a z C r _1 (G (0) \iV). 

So we may find relatively compact open neighborhoods Vo and Vi of z in G so that 
Vb CW ,%C Vi, and so that 

WT 7 TT\WqF C r-^G^XN). 

With these Vb and V\ so chosen, the special open neighborhood E of z in G that 
we want is defined to be E := WqVqWq. 
Observe that we have 

W?WWl 7 \E = W[ 7 V[W[ r \WoVoWo C r" 1 (G (0) \A^). 

Set 

7) := / g(r(i)), 7 eWi 7 TTWi\ 

\ 0, 7 ^ J5 
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Then, since Wx V\ Wi \E C r^ 1 (G^\N), g 1 is a continuous section of r*(A) on 
G that vanishes outside E. 

Observe the following containment relations among relatively compact sets: 
E 2 = WoV W§V Wo C W$V W£ C C Wj*ViW^. Hence, we may find a 

compactly supported function b on G such that < 6(7) < 1 for all 7, 6 = 1 on E 2 
and 6 = off W^ViW^. Replacing b by if necessary, we may assume that b is 

a selfadjoint element of the convolution algebra of scalar- valued functions C C (G). 

Define ^(7) := g(r('f))a 1 (g(s(^)))b(j). By our choices of g and b, F belongs to 
C c (G,r*(A)), F is selfadjoint and 

L"(P)£( 7 ) =rr tl (a- 1 ( 5 (r( 7 )))) / ^-^(a))))^- 1 )^) d\ u (a) 

for all it by the definition of L u (cf. (H)). Let P Ui i be the projection onto £ U) i := 
L 2 (G U HE) ®H U and let P Uj 2 be the projection onto the orthocomplement, £ Ut 2 := 
L 2 (G U \E) ® P u . Then, if P U) i£ = f, we see that 

L"(P)e( 7 )=vr u (a 7 - 1 ( 5 (r( 7 )))) / ^"^(Ha))))^) dA»(a) 

J G u nE 

= 7r u o (T - 1 (gW( 7 )) / 7r„o<7- 1 ( 5 ( 1 )(a))^(a)dA u (a) 
JG„n£ 

for all 7 G G„ n P because b is identically 1 on E 2 . However, by definitions of E 
and g , the equation persists when 7 G G U \E, yielding 0. Thus, P u ,i commutes 
with L U {F). Moreover, when u = z, these formulas show that L z (P)P Zi i = L Z (F). 

We now want to show that L u (F)P u ,i > and we want to analyze the trace, 
tr(I/ u (F)P tlj i). However, when £ is in the range of P u ,i, the formula for L U (P)£ 
shows that 

(L"(P)£ 10=// (ttuO a-Hg {1 Hl)Uuoa-\g^\a))aa)A(l))dXu(a)d\ u ( 7 ) 

= //Koa- 1 (.g( 1 )(a))C( a ),7r u o^ 1 ( 5 ( 1 )(7))£( 7 ))dA tl ( a )dA„(7) 
> 0. 

As for the trace, observe that if K u is defined by the formula 

K u ( 1 , V )=n u (a- 1 (g 1 ( 1 ))a- 1 (g l (r 1 ))) 

on G u x G u , then our calculations show that K u is continuous, positive semi- 
definite and supported on (G u D E) X (G u n E), and that (P U (P)P U>1 £ | C) = 
ff(K u ('j,r])^(r]),C('y))dX u (r])dX u ('y). Consequently, we may use Duflo's general- 
ization of Mercer's theorem, jij Proposition 3.1.1], and the fact that ^(7,7) = 
tt u o a~ l {g{r(i))Y to conclude that tr(L"(P)P„, 1 ) = 

f tr(Tr u o ( r; 1 ( 5 (r(7))) 2 )dA M (7)- 

J G„D-E 

By our choice of g, this expression is continuous in u and when m = z yields the 
value tr{L z (F)). 

We will show that there is a positive number a such that 

(2) ||( J L^)(P)P s(7 „ )i2 )+||>2a 
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eventually, where (L s ^^ (F)P s ^ n y 2 ) + denotes the positive part of the selfadjoint 
operator P 5 ^™) (P)P S ( 7 \ 2 Therefore, eventually 

(the largest eigenvalue of L s< - 7 "' (F)P s / ln \ 2 ) > 2a. 

Assume that we have shown this, and set 

( 0, t < a 

q(t) = \ 2(i - a), a < t < 2a 
[ t, 2a 

Then g(P) is a positive element in the Pedersen ideal of C*(G,A), and so the 
function u -> tr(P u (q(P))) = 

ti(L u (q(F))P a>1 ) + tr(P"(q(P))P„ >2 ) 

is finite and continuous in u, with value tr(P z (q(P))) at u = z. (Recall that L Z (F) — 
L z (F)P zA and so L z (q(F)) = L z (q(F))P zA .) On the other hand, we showed that 
L u (F)P Uil is positive. Since P„,i commutes with L U (F), L u (F)P Uil = L U {F+)P U ^. 
But also we showed that u — > ti(L u (F)P Ui \) is continuous at z. Consequently, so 
is u -> tr(i u (P+)P U!l ). Since q(P) < P+, the function u -> tr(P"(q(F))P u ,i) is 
continuous by Lemma 4.4.2(i) in S, with value tr(P 2 (q(F))) = tr (L z (q(F))P zd ) 
at u = z, also. Therefore 

lim tv{L u {q{F))P u , 2 ) = 0. 

it — >z 

Since the largest eigenvalue of P s (t™) (F)P s ( 7n ) 2 > 2a, the largest eigenvalue of 
L s ^ ln > {q{F))P s ( lri ) ^ > 2a also. Consequently, 

liminf tr{L s ^\q(F))P shnh2 ) > 2a. 

This contradiction will complete the proof. 

So we will finish by verifying the asserted inequality (^|). To this end, choose an 
open neighborhood of z in G, V 2 , that is contained in Vb and choose a conditionally 
compact neighborhood Y of such that if v G V2, then r maps into [/. 
Without loss of generality, we may assume that Y C Wq. Observe that if 7„ ^ 
Wi V1W1 then for 7 G F7„, 7 ^ P. Indeed, if 7 = 7'7„ EEC] Yj n , then 
7„ G (7') P C W^o^o C W"i Fi W\ contrary to assumption. So, since r(j n ) 
and s(7n) are tending to z, while 7„ eventually escapes W\ V\ W\ , we can conclude 
that for n sufficiently large, whenever 7 lies in Yj n , then 7 <^ F while r(-y) and 
s(7) lie in U . From now on, we will assume that n is sufficiently large so that these 
conditions are satisfied. 

Next observe that since for each n, the map 7 — > 7T s ( 7n ) o <T~ 1 ((7(r(7)) defines a 
continuous family of rank 1 projections on the Hilbert space P/ S ( 7re ), we can find a 
Borel family of unit vectors 7 — > such that 7r s ( 7n ) o er" 1 (g(r(7)) is the rank 1 
projection determined by u™. 

Let h n {^) = ly 7 „ (7) x w" where ly 7 „ denotes the characteristic function of i^7„. 
Observe that if 7, a G F 7n , then 7a" 1 G i^^^Y C yy Y C W VbWo = E. 
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Consequently, 6(70; x ) = 1 and we may calculate to find that if 7 G Yj n , then 
L s ^)(f>„(7) 

= 7r s( 7 „)(CT~ 1 (ff(r(7)))) J 7r s(7n) (cr^ 1 (.g(r(a))))6(7a~ 1 )/i n (a)dA s(7ii) (a) 
= <A r(7n) (F). 

Hence (L s ^(F)h n \ h n ) = A,.( 7ii )(y) 2 . However, by our assumption on j n> h n 
lies in £ s{ln)a , so {{L s ^{F)P s(ln)a )+h n \ h n ) > (L s ^(F)P shn)<2 h n \ h n ) = 
(L s ^{F)h n I hn) = \ r[ln) {Y) 2 . This shows that \\(L S ^ {F)P s(ln)a )+\\ > 
X r fj n \(Y) provided n is sufficiently large. But the continuity of the Haar sys- 
tem implies that liminf A r ( 7ri )(Y_) > 0, as n — > 00. This verifies equation and 
completes the proof of Theorem m. 



References 

[1] P. Bernat, N. Conze, M. Duflo, M. Levy-Nahas, M. Rai's, P. Renouard, and M. Vergne, 

Representations des groupes de Lie resolubles, Dunod, Paris, 1972, Monographies de la 

Socicte Mathematique de France, No. 4. 
[2] Klaus Deicke, Pointwise unitary coactions on C* -algebras with continuous trace, J. Operator 

Theory 43 (2000), no. 2, 295-327. 
[3] Jacques Dixmier, C* -algebras, North-Holland Mathematical Library, vol. 15, North-Holland, 

New York, 1977. 

[4] J. M. G. Fell and Robert Doran, Representations of *-algebras, locally compact groups, and 
Banach *-algebraic bundles, vol. I & II, Academic Press, New York, 1988. 

[5] Philip Green, C* -algebras of transformation groups with smooth orbit space, Pacific J. Math. 
72 (1977), 71-97. 

[6] , The local structure of twisted covariance algebras, Acta Math. 140 (1978), 191—250. 

[7] Alexander Kumjian, Paul S. Muhly, Jean N. Renault, and Dana P. Williams, The Brauer 

group of a locally compact groupoid, Amer. J. Math. 120 (1998), 901-954. 
[8] R,u Ying Lee, On the C* -algebras of operator fields, Indiana Univ. Math. J. 25 (1976), 303- 

314. 

[9] Paul S. Muhly, Jean Renault, and Dana P. Williams, Equivalence and isomorphism for 
groupoid C* -algebras, J. Operator Theory 17 (1987), 3—22. 
[10] Paul S. Muhly and Dana P. Williams, Continuous trace groupoid C -algebras, Math. Scand. 
66 (1990), 231-241. 

[11] , Continuous trace groupoid C* -algebras. II, Math. Scand. 70 (1992), 127-145. 

[12] May Nilsen, C* -bundles and C (X)-algebras, Indiana Univ. Math. J. 45 (1996), 463-477. 
[13] Dorte Olesen and Iain Raeburn, Pointwise unitary automorphism groups, J. Funct. Anal. 93 
(1990), 278-309. 

[14] Iain Raeburn and Jonathan Rosenberg, Crossed products of continuous-trace C* -algebras by 

smooth actions, Trans. Amer. Math. Soc. 305 (1988), 1-45. 
[15] Iain Raeburn and Dana P. Williams, Morita equivalence and continuous-trace C* -algebras, 

Mathematical Surveys and Monographs, vol. 60, American Mathematical Society, Providence, 

RI, 1998. 

[16] Jean Renault, Representations des produits croises d'algebres de groupoides, J. Operator 

Theory 18 (1987), 67-97. 
[17] Masamichi Takesaki, A liminal crosed product of a uniformly hyperfinite C* -algebra by a 

compact Abelian automorphism group, J. Functional Analysis 7 (1971), 140-146. 
[18] Dana P. Williams, The topology on the primitive ideal space of transformation group C*- 

algebras and CCR transformation group C* -algebras, Trans. Amer. Math. Soc. 266 (1981), 

335-359. 



CONTINUOUS-TRACE GROUPOID CROSSED PRODUCTS 



11 



Department of Mathematics, Arizona State University, Tempe, Arizona 85287-1804 
E-mail address: ifulmanamath.la.asu.edu 

Department of Mathematics, University of Iowa, Iowa City, IA 52242 
E-mail address: muhlyamath.uiowa.edu 

Department of Mathematics, Dartmouth College, Hanover, NH 03755-3551 
E-mail address: dana.williamsadartmouth.edu 



